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Abstract
The advent of multi-material additive manufacturing and automated composite manu-
facturing has enabled the design of structures featuring complex curvilinear anisotropy.
To take advantage of the new design space, efficient computational approaches are
quintessential. In this study, we explored a new NURBS-based Isogeometric Analysis
(IGA) framework for the simulation of curvilinear fiber composites and we compared
it to standard Finite Element Analysis (FEA). A plate featuring a semi-circular notch
under tensile loading with different fiber configurations served as a case study.
We showed that, thanks to the exact geometric representation and the enriched con-
tinuity between elements, NURBS-based IGA outperforms classical FEA in terms of
computational efficiency, time-consumption, and estimation quality of field variables
for same number of degrees-of-freedom. To further demonstrate the use of the IGA
framework, we performed optimization studies aimed at identifying the fiber paths
minimizing stress concentration and Tsai-Wu failure index. The model showed that
curvilinear anisotropy can be effectively harnessed to reduce the stress concentration
of up to 82% compared to unidirectional composites without affecting the overall plate
stiffness significantly.
Keywords: Curvilinear Anisotropy, Isogeometric Analysis, Finite Element Analysis,
Fiber optimization, Failure criterion
1. Introduction
Fiber reinforced composites find broad applications in large and complex primary
structures for e.g. aerospace, defence, and automotive thanks to superior specific stiff-
ness, strength, and fatigue properties compared to most metals [1–3]. In recent years,
the advent of e.g. Automated Fiber Placement (AFP) and Additive Manufacturing
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(AM) has widen the range of design space of composite materials, and has broaden the
ability to design highly customized complex parts with great quality [4–6].
The first example of the use of curvilinear anisotropy to optimize structural behavior
can be found in the 1950s in the pioneering work of Mansfield [7] who introduced the
concept of “neutral hole”. By adding a reinforcement along the boundary of a notch,
Mansfield was able to find shapes leading to stress distributions elastically equivalent to
the ones of uncut structures. However, these configurations were quite limited because
the curvilinear reinforcement could only be applied along the boundary.
A step forward is represented by the work of Hyer and Charette which was the first
introducing Curvilinear Transverse Isotropy (CTI) in the whole structure. Leverag-
ing CTI, they demonstrated the attainment of a superior loading capacity in tension
compared to unidirectional composites [8].
Boosted by the advances in manufacturing technologies, several recent works have
focused on the use of curvilinear fiber paths to attain desired mechanical properties such
as e.g. higher buckling loads, lower stress concentration factors, and higher fundamental
frequencies [9–18]. Vijayachandran et al. introduced optimal fiber paths that maximize
the critical buckling load of a plate under 2:1 bi-axial in-plane compressive loading by
explicitly accounting for the manufacturing constraints and imperfections of an AFP
machine such as e.g. tow width, tow curvatures, gaps and overlaps [15, 16].
Along with the AFP technology, recent developments in 3D printing methods for
continuous fiber-reinforced thermoplastics have enabled mold-free fabrication of com-
posite structures. Matsuzaki et al. used fused-deposition modeling to print tensile spec-
imens with carbon and jute fiber reinforcements following unconventional paths [17].
Utilizing a similar technology, Sugiyama et al. designed and manufactured variable
fiber volume fraction and stiffness composites (VVfSC). Fiber paths were optimized
following the principal stress directions. They showed that the VVfSC plate with a
hole exhibits superior specific stiffness and strength compared to conventional linear
laminates [18].
Recently, Salviato and Phenisee formulated a mathematical framework for the cal-
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culation of the electric and thermal conductivities in materials featuring curvilinear
transverse isotropy (CTI). They showed that the fiber paths can be designed to sur-
pass the conductivity of any given traditional orthotropic medium made of the same
materials [19].
These examples out of many demonstrate the potential superior mechanical behavior
enabled by curvilinear anisotropy compared to traditional fiber-reinforced composites.
Due to the complexities of the material systems featuring curvilinear anisotropy
made via e.g. Additive Manufacturing (AM) or Automated Fiber Placement (AFP),
the formulation of efficient simulation tools is still an open research topic. Isogeo-
metric Analysis introduced by Hughes et al. [20] is a particularly interesting candidate
thanks to the following two benefits: a) better integration with Computer-Aided Design
(CAD) used for additive manufactured parts and b) higher continuity between elements
compared to traditional FEM. In NURBS-based Isogeometric Analysis (IGA), the over-
all modeling-analysis process can be significantly streamlined by employing the same
Non-Uniform Rational B-Splines (NURBS) used in CAD also to perform the structural
analysis [21]. This avoids remeshing and increases accuracy in the geometrical descrip-
tion of the domain to be simulated. In addition, in NURBS it is easy to control the
continuity between elements by the implementation of order elevation [20, 22]. This is
in contrast to classical FEA which provides C0 continuity between elements. Flexibility
in controlling the continuity of NURBS basis functions allows to implement high-order
deformation plate theories without shear correction factor such as an inverse tangent
shear deformation theory demonstrated by Thai et al. [23]. Furthermore, higher con-
tinuity in NURBS basis functions can efficiently prevent the prevalent shear locking
problem as highlighted by Da Veiga et al. [24] and Valizadeh et al. [25]. These advan-
tages along with the high inter-continuity between elements are considerably desired for
producing an accurate field solution in analyzing smooth curvilinear anisotropic plates.
In this work, we first implement curvilinear anisotropy into an element stiffness
matrix in the IGA framework, and then we investigate its performance by comparing
it to FEA in terms of error of the stress measured in L2-norm. We show that IGA
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has superior performance in terms of computational efficiency, time consumption, and
accuracy. Then, we explore the exceptional mechanical behavior of curvilinear fiber
composites in terms of in-plane stiffness and stress concentration using a plate weakened
by a semi-circular notch as a case study. Finally, we identify the fiber paths minimizing
the stress concentration factor and the Tsai-Wu failure index using Sequential Quadratic
Programming (SQP).
2. Mathematical background
In the classical FEA framework, Lagrangian basis functions are utilized and de-
fined in the physical space or in the natural space [26]. On the contrary, in the IGA
framework, Non-Uniform Rational B-Spline basis functions, which integrate a model-
ing process (CAD) and an analysis as one package, are commonly used and defined in
the parameter space [20, 22]. Thus, in the following sections we first provide a brief
introduction on NURBS. Then, we describe the method to impose continuous fibers
following curvilinear path under the isogeometric framework.
2.1. B-splines and NURBS
NURBS-based isogeometric analysis utilizes Non-Uniform Rational B-Spline (NURBS)
basis functions defined by a knot vector:
Ξ =
[
ξ1, ξ2, ξ3, · · · , ξn+p+1
]
, with ξi ∈ R. (1)
The knot vector is a non-decreasing set of coordinates in the parameter space, where
i = 1, · · · , n+p+1, and n is the number of basis functions of the order p used to construct
the B-spline curve, which were first proposed by Gordon and Riesenfeld [27, 28] for
computer-aided graphic design. Given the knot vector in the parameter space defined
above, the ith B-spline basis function of order p, denoted by Ni,p(ξ) can be computed
following Cox-de Boor recursion formula [29–31] as shown in Eq. (2) and (3):
For p = 0 :
Ni,0(ξ) =
 1 if ξi ≤ ξ < ξi+1,0 otherwise, (2)
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for p = 1, 2, 3, · · · ,
Ni,p(ξ) =
ξ − ξi
ξi+p − ξiNi,p−1(ξ) +
ξi+p+1 − ξ
ξi+p+1 − ξi+1Ni+1,p−1(ξ). (3)
By taking a linear combination of the B-spline basis Ni,p(ξ) and the corresponding
control points Pi ∈ R, the B-spline curve is described as
C(ξ) =
n∑
i=1
Ni,p(ξ)Pi, 0 ≤ ξi ≤ 1. (4)
Similarly, assigning a control net Pi,j, where i = 1, ..., n, j = 1, ...,m, and B-spline
functions in ξ- and η-directions Ni,p(ξ) and Mj,q(η) with the order of p and q constructed
by knot vectors Ξ = [ξ1, ..., ξn+p+1], and H = [η1, ..., ηm+q+1], respectively, the B-spline
surface is also given by
S(ξ, η) =
n∑
i=1
m∑
j=1
Ni,p(ξ)Mj,q(η)Pi,j, 0 ≤ ξi ≤ 1 and 0 ≤ ηj ≤ 1 (5)
Making a rational function divided by weight functions enables exact representations
for a wide range of complex geometry, especially in conic sections (circles, ellipses, etc.),
which are beyond an array of piece-wise polynomials. This rational function is referred
to as Non-Uniform Rational B-Spline function or NURBS (See the references e.g. [32–
34]). Given the knot vector Ξ defined above, the pth-order NURBS function on the
knot span ξ ∈ [ξi, ξi+1) is given by
Rpi (ξ) =
Ni,p(ξ)ωi∑n
iˆ=1Niˆ,pωiˆ
(6)
where ωi is the i
th weight and Ni,p(ξ) is the i
th B-spline function with order p. Then,
the NURBS curve and surface based on the knot vectors Ξ and H can be generated
using the NURBS basis functions as shown in Eq. (6), respectively:
C(ξ) =
n∑
i=1
Rpi (ξ)Pi, (7)
and
S(ξ, η) =
n∑
i=1
m∑
j=1
Rp,qi,j (ξ)Pi,j. (8)
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where
Rp,qi,j (ξ, η) =
Ni,p(ξ)Mj,q(η)ωi,j∑n
iˆ=1
∑m
jˆ=1 Niˆ,pMjˆ,q(η)ωiˆ,jˆ
, (9)
Rp,qi,j (ξ, η) is a bi-variable NURBS basis function and ωi,j is a weight for the correspond-
ing control net Pi,j.
2.2. Derivative of B-Splines and NURBS
Defining the pth-order B-spline functionNi,p(ξ) by the knot vector Ξ = [ξ1, ..., ξn+p+1],
the derivative N ′i,p(ξ), is calculated recursively as:
N ′i,j(ξ) =
p
ξi+p − ξiNi,p−1(ξ)−
p
ξi+p+1 − ξi+1Ni+1,p−1(ξ). (10)
This can be proven by a mathematical induction [35].
Starting from the derivative of B-Splines, the derivative of NURBS functions is
simply derived using the quotient rule to Eq. (6) such that:
d
dξ
Rpi (ξ) = ωi
W (ξ)N ′i,p(ξ)−W ′(ξ)Ni,p(ξ)
[W (ξ)]2
, (11)
where
W ′(ξ) =
n∑
iˆ=1
N ′
iˆ,p
(ξ)ωiˆ. (12)
Further properties and techniques for B-Splines and NURBS can be found in [36–39]
and [32–35], respectively. For detailed theoretical framework and the implementation
in IGA, the reader is referred to Hughes et al. [20, 22].
2.3. Curvilinear fiber description for simple optimization studies
Typically, the description of curvilinear fiber paths is performed assigning a constant
tangent vector in each element and considering each element orientation as a variable
of the parameter space [8, 9, 11, 12]. While this approach can be very accurate, it also
leads to a significant computational cost due to the large number of design variables
(the number of design variables is equal to the number of elements). Since the main
goal of the optimization study proposed here is to showcase the use of IGA rather
than identifying the perfect fiber configuration, we opted for the simplified approach
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proposed in [13, 14]. Hence, we utilize the concept of level-set function [13, 14] to present
a subset of possible fiber configurations in the chosen domain, which also ensures the
following important characteristics in terms of manufacturability: 1) continuity of fiber
paths, and 2) absence of intersections between fibers. Therefore, in the present work,
we describe the curvilinear fiber paths by using a 5th-order complete polynomial as a
level-set function:
f(x, y) = C00+C10x+ C01y + C20x
2 + C11xy + C02y
2
+ C30x
3 + C21x
2y + C12xy
2 + C03y
3
+ C40x
4 + C31x
3y + C22x
2y2 + C13xy
3 + C04y
4
+ C50x
5 + C41x
4y + C32x
3y2 + C23x
2y3 + C14xy
4 + C05y
5
(13)
where Cij, with i, j = 0, ..., 5, are design variables of the 5
th-order complete polynomial
function. The fiber orientations θ are also calculated by partially differentiating the
level set function of Eq. (13) with respect to x and y as:
θ(x, y) = tan−1
(
− ∂f/∂x
∂f/∂y
)
(14)
It is important to restate here that the optimization study only serves the purpose
of demonstrating the IGA framework. The level-set functions can only represent a
subset of the fiber path solutions and cannot be exhaustive. Ongoing work by the au-
thors is focusing on robust implementation of a comprehensive optimization framework.
However, its description goes beyond the scope of the present work.
2.4. Element implementation of the elastic behavior for CTI materials
The constitutive relation of CTI media depends on the local fiber orientation. As a
consequence, the element stiffness matrix must be evaluated at each Gauss point. The
constitutive relations for a linear elastic problem can be expressed as:
{F} = [K]{d} (15)
where {F}, {d}, and [K] are the loading vector, the displacement vector, and the global
stiffness matrix, respectively. Then, the element stiffness matrix in the physical domain
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Ω(e) can be written in the form:
[K](e) =
∫
Ω(e)
[B]T [C](θ)[B] dΩ(e), (16)
where [B] is the strain-displacement matrix generated from the NURBS basis functions,
Eq. (9), and
[C](θ) = [T−1σ (θ)][C][T(θ)], (17)
where [T−1σ (θ)] and [T
−1
 (θ)] are transformation matrices for the stress and strain, re-
spectively, and [C] is the in-plane stiffness coefficients matrix depending on three en-
gineering moduli (E1, E2, and G12), and the Poisson’s ratio (ν12) [40, 41]. Then, the
element stiffness is calculated by Gauss quadrature such that:
[K](e) =
Np∑
m=1
wξ˜mwη˜m [Bm]
T [Cm]
(θm)[Bm]Jm, (18)
where Np is the number of integration points, wξ˜m and wη˜m are the corresponding
weighs for the each direction, and Jm is the determinant of the Jacobian which maps
from physical space to parent space. Detail derivation and calculation of the element
stiffness in the isogeometric framework can be found in [21].
As Fig. 1 shows, the analysis of CTI media in previous works [8, 9, 11–14] was per-
formed using a uniform constitutive relation for the integration points in each element.
In other words, θ = θ(ne), with ne is an element number, i.e., [K]
(e) = [K(e){θ(ne)}](e). In
contrast, in the present work we let the constitutive relation depend on the location of
integration points within the element during the computation of element stiffness ma-
trix such as θ = θ(x, y), where x and y are the coordinates of the integration points, i.e.,
[K](e) = [K{θ(x, y)}](e) [42]. This results in accounting for the effects of the gradient
in fiber curvature in calculating the element stiffness.
3. Optimization method
3.1. Sequential quadratic programming method
For the design optimization study in this paper, we adopted Sequential Quadratic
Programming (SQP) assuming that the object function is twice differentiable. The SQP
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is one of the most powerful optimization methods designed for Constrained Non-Linear
Programming (NLP) problems [43, 44]. This enables to achieve an attractive rate of
convergence using 2nd-order derivatives of Lagrange function.
In this paper, the SQP follows the Constrained Steepest-Descent (CSD) method via
two major procedures such that 1) Quadratic Programming (QP) subproblem and 2)
Quasi-Newton method. Let define an NLP problem of the form:
Minimize
f(x), (19)
subject to
hi(x) = 0; i = 1 to p,
gi(x) ≤ 0; i = 1 to m.
(20)
In the SQP method, QP subproblem is solved for a search direction d in a CSD frame-
work. Thus, Karush-Kuhn-Tucker necessary conditions (KKT conditions) [45, 46] can
be applied utilizing the Newton-Raphson method, and a general constrained optimiza-
tion problem f¯ is derived as:
Minimize
f¯ = cTd+
1
2
dTHd (21)
subject to the constraints:
n(i)
T
d = −hi(x(k)); i = 1 to p,
a(i)
T
d ≤ −gi(x(k)); i = 1 to m,
(22)
whereH is the Hessian matrix of Lagrange function∇2L, n(i) and a(i) are the gradients
of the functions hi and gi, respectively, c is the gradient of the objective function of
Eq. (19), and x(k) represents the current iteration point. Thus, the search direction d
is computed by the gradient conditions of the KKT necessary conditions.
Once the QP subproblem has been derived, the Hessian matrix H must be approxi-
mated for each iteration of the CSD framework. The Hessian matrixH is approximated
using Broyden-Fletcher-Goldfarb-Shanno (BFGS) method [47–50]. Define the gradient
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difference vector y(k) of the Lagrange function at two iteration points and the design
change vector s(k) with the Lagrange multipliers v(k) and u(k) at the current point such
that
y(k) = ∇L(x(k+1),v(k),u(k))−∇L(x(k),v(k),u(k)),
s(k) = αkd
(k); αk = step size.
(23)
and set the vector r(k) with the scalar quantity θ as:
r(k) = θ(k)y(k) + (1− θ(k))H(k)s(k), (24)
θ(k) =
 1; if s(k)
T
y(k) ≥ 0.2s(k)TH(k)s(k),
(0.8s(k)
T
H(k)s(k))/(s(k)
T
H(k)s(k) − s(k)Ty(k)); otherwise.
(25)
Then, the Hessian matrix can be updated as:
H(k+1) = H(k) +
r(k)r(k)
T
r(k)T s(k)
− H
(k)s(k)s(k)
T
H(k)
T
s(k)TH(k)s(k)
(26)
Finally, the solutions of Eq. (19) can be obtained by the use of above two methods
1) SQP subproblem and 2) Quasi-Newton method in the CSD framework. Further
explanations including schematic algorithms on these methods can be found in [43, 44].
3.2. Optimal fiber design problem
To demonstrate the IGA framework, the goal of our optimization study is obtaining
optimal curvilinear or linear fiber paths with a minimum stress concentration or Tsai-
Wu failure index. Thus, assuming that our objective functions Kt for a minimum
stress concentration factor and a minimum Tsai-Wu failure index Φ are both twice
differentiable nonlinear functions, the optimal design problems can be defined as
Minimize
Kt(Cij), (27)
Φ(Cij), (28)
where Cij ∈ R are the coefficients of the level-set function defined in Eq. (13). Thus, the
objective functions are subject to the fiber orientations in Eq. (14). In this study, the
SQP method was implemented in the MATLAB environment utilizing built-in function
called fmincon with an option of sqp algorithm [51].
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4. Results and discussion
In this section, Isogeometric Analysis (IGA) is implemented on fiber reinforced,
semi-circular notched plates modeled by Non-Uniform Rational B-Splines (NURBS)
functions. The IGA solver is adapted from [21] to simulate orthotropic media in MAT-
LAB environment [42]. Finite Element Analysis (FEA) is also implemented on the
semi-circular notched plates with several fiber configurations. The FEA solver is gener-
ated in MATLAB environment and validated by analytical solution of an infinite plate
with a circular hole. Both IGA and FEA were also verified by checking the rates of
convergence on the simulation of the elastic, isotropic plate described in Fig. 2. The
stress errors computed in L2-norm were plotted as a function of the maximum diag-
onal length found in the mesh in double-logarithmic scale. As shown in Fig. 3, the
slopes are both about 2 for the quadratic element, matching perfectly the theoretical
values [22]. The convergence of IGA is discussed highlighting a superior numerical
performance compared to classical FEA. Then, we present compelling results on the
mechanical behavior of composite materials featuring CTI.
4.1. Problem setup
Stress analysis on an elastic plate weakened by a semi-circular hole notch is con-
ducted using both NURBS-based IGA and classical FEA assuming a linear elastic
problem illustrated in Fig. 2. The semi-circular notched plate is under a unit constant
tension of Ty = 1 MPa along the top edge and assumed as a plane-stress problem with
a unit thickness. The plate is constrained along the bottom and the right-hand side
edges in the y- and the x-directions, respectively. The elastic plate is modeled using
quadratic NURBS basis functions in the IGA simulations with the two knot vectors
Ξ = [0, 0, 0, 0.25, 0.5, 0.5, 0.75, 1, 1, 1] and H = [0, 0, 0, 1, 1, 1], and mesh refinement is
implemented using knot insertion [20, 22]. In conventional FEA, simulations are con-
ducted applying quadrilateral 9-node element (Q9) and, the exact same node coordi-
nates used in IGA are employed for the sake of fair comparison in terms of convergence.
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The semi-circular notched plate with several fiber configurations is examined by the
following properties:
1. Stress concentration factor Kt:
Kt = σ
max
y /Ty, σ
max
y : Maximum longitudinal stress found in the body, (29)
2. Average in-plane stiffness along the top edge K¯:
K¯ =
Ptot
v¯
, with Ptot =
∫ L
0
σyyd x and v¯ =
1
L
∫ L
0
vd x, (30)
where σyy and v are the longitudinal stress and displacement along the top edge,
respectively, and L is the length of the top edge.
3. Tsai-Wu failure index Φ assuming Transverse Isotropy under plane-stress condi-
tion [52]:
Φ = F1σ11 + F2σ22 + F11σ
2
11 + F22σ
2
22 + F66τ
2
12 + 2F12σ11σ22, (31)
where
F1 =
1
σf1t
− 1
σf1c
, F2 =
1
σf2t
− 1
σf2c
, F66 =
1
τ f12
,
F11 =
1
σf1tσ
f
1c
, F22 =
1
σf2tσ
f
2c
, F12 = −1
2
√
F11F22.
(32)
The choice of this criterion is motivated by its effectiveness and accuracy in capturing
the failure condition of composite laminates featuring smooth or slightly notched sur-
faces. However, for more complex structural configurations and loading conditions, the
emergence of large Fracture Process Zones (FPZs) can lead to significant size effects.
This is typically the case of structures featuring open and filled holes, sharp notches
and other stress raisers. In such a case, a quasibrittle fracture mechanics framework
should be preferred over a stress-based failure criterion [53–57]. All the required ma-
terial properties such as longitudinal and transverse elastic moduli E1 and E2, shear
modulus G12, Poisson’s ratio ν12, and the ply strengths: σ
f
1t, σ
f
1c, which are tensile and
compressive strengths in the fiber direction, σf2t, σ
f
2c, which are tensile and compres-
sive strengths perpendicular to the fiber directions, and τ f12, that is shear strength are
respectively assigned and tabulated in Table 1.
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4.2. Fiber configurations
In the present study, four different fiber configurations as described in Fig. 4 were
investigated: a) conventional longitudinal straight fiber paths, b) conventional trans-
verse straight fiber paths, c) concentric fiber paths following a semi-circular notch, and
d) curvilinear fibers following the holomorphic path defined by the conformal map-
ping presented in [19]. The four fiber orientations measured from the global x-axis are
defined as a function of (x, y) coordinate such that:
(a) Conventional longitudinal straight fibers: θ(x, y) = pi/2,
(b) Conventional transverse straight fibers: θ(x, y) = 0,
(c) Concentric fibers following the semi-circular hole:
θ(x, y) =
pi
2
+ cos−1
x
a
, a =
√
x2 + y2,
(d) Curvilinear fibers following the holomorphic function presented in [19]:
θ(x, y) = tan−1
[
1 + R
2
x2+y2
cos (2 tan y
x
)
− R2
x2+y2
sin (2 tan y
x
)
]
.
4.3. Performance of Isogeometric Analysis
Figure 5 shows the error computed in L2-norm of stresses for each of the fiber
configurations presented in Fig. 4. The error for each component is defined by the
following:
 =
√∮
V
σσ dV , (33)
where V is the domain of the whole material, and the σ is the vector of the difference
between the sufficiently converged stress field (change in the Kt less than 0.5%) and
the current stress field. Then, the error , the root-mean-value of the Eq. (33) is taken
as:
 =
√
 · 
n
(34)
where n is the number of components for the stress field and “·” represents the dot
product here.
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The errors are plotted in double-logarithmic scale as a function of the number of degrees-
of-freedom for both IGA and FEA. By utilizing the same matrix inversion scheme
in both IGA and FEA, the running time is measured at the very last point of each
convergence curve on our computer with an AMD Ryzen 5 2600 processor running at
3.4 MHz using 32 GB of RAM, and the percentage reduction is defined as:
∆t% =
|tIGA − tFEA|
tFEA
∗ 100 (35)
where t represents the running time elapsed each numerical method, and the numerator
is given as an absolute value (See Fig. 6). The running time of IGA is approximately 35-
40% lower than conventional FEA. This means that not only IGA can reduce the time
from Computer-Aided Design (CAD) to analysis, it also enables a significant reduction
of the running time of an analysis. This result becomes more significant when the size
and complexity of the analysis increases.
In addition, we also focused on the continuity of the basis functions for both IGA
and FEA. In the present study, quadratic Lagrange polynomials are adopted as the
basis function in the FEA framework, which leads to C0-continuity between elements
all the time. On the contrary, the basis function of NURBS-based IGA is decided by
the quadratic NURBS basis function with C1-continuity everywhere except along the
x-axis due to the multiplicity of the knot values at ξ = 0.5. The enhanced smoothness of
the interpolating functions element by element results in capturing the field variables
between elements in better numerical performance for a given number of degrees-of-
freedom compared to classical FEA. Moreover, as can be seen in Fig. 5d, the difference
between the errors for IGA and FEA is way greater than the ones of the conventional
fiber configurations (Fig. 5a and 5b), which indicates that IGA especially plays a
significant role in the CTI specimens.
In summary, IGA provides:
1. time reduction
2. computational efficiency
3. more accurate description of the field variables for a given number of degrees-of-
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freedom, compared to classical FEA
These features make IGA a valuable tool for the simulation of structural and elec-
trostatics problems in media featuring curvilinear anisotropy systems [8–16, 19].
4.4. Investigation of the effects of curvilinear anisotropy on the elastostatic behavior
As can be seen in Table 2, generally, conventional longitudinal fiber reinforced com-
posites have high-level of in-plane stiffness with significantly high stress concentration
around notches and other stress raisers. In contrast, reinforced composites featuring
transverse straigth fibers have lower stress concentration and in-plane stiffness. Lever-
aging the IGA theoretical framework, here we explore how the different curvilinear fiber
paths described in Fig. 4 affect stress concentration and stiffness. All the stress con-
centration factors and Tsai-Wu failure indexes obtained from simulations are tabulated
in Table 2.
4.4.1. Concentric fibers following semi-circular paths
One of the fiber configurations investigated features concentric paths around the
semi-circular notch (Fig 4c). In this case, the fibers above and below the notch are
transverse to the load and form relatively compliant regions. This can be clearly noted
comparing the contour plots of the in-plane stress components for the concentric fiber
paths (Fig. 7) to the cases of longitudinal (Fig. 8) and transverse (Fig. 9) fibers. As
can be seen, the compliant regions slightly shield the notch and the maximum stress
concentration factor of about 5.02 is located at the middle point of the right-hand side
edge of the plate. This is in contrast to the two linear fiber cases where the maximum
stress is always located at the notch tip. The stress around the semi-circular notch is
still higher than the nominal value (Ty = 1MPa) and the stress concentration factor Kt
there is roughly 4.
Comparing the stress concentration to the linear fiber cases, it is interesting to note
that the Kt for the concentric path case is about 30% lower of the longitudinal fiber case
and about 111% higher of the transverse fiber case. On the other hand, the overall plate
stiffness is about 1/8th of the longitudinal fiber case and about twice the transverse
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fiber case. Thus, in this configuration, curvilinear anisotropy indeed reduces the stress
concentration compared to the longitudinal fiber case. However, this is possible only at
the expense of the structural stiffness which is significantly lower than the longitudinal
fiber case (although still higher than the transverse fiber case).
Among the linear fiber cases, the Tsai-Wu index takes the highest value for the
transverse straight fiber path (Fig. 4b): 0.050. This is because the resin strength domi-
nates in the loading direction. Although the stress concentration for the concentric fiber
configuration is smaller than the one of the traditional longitudinal fiber composite, the
maximum failure index 0.051 is similar to the one of the transverse fiber configuration.
Hence, this choice of curvilinear fiber path may not be so good for a damage tolerance
due to the shear damage.
4.4.2. Curvilinear fibers following the holomorphic paths
Figure 10 shows the stress contour plots of each in-plane stress component for the
case of the plate reinforced by fibers following the holomorphic path described in [19].
These contour plots look similar to the traditional longitudinal straight fiber composite
(Fig. 8) with the maximum stress concentration located at the notch tip. However,
the stress concentration factor Kt is 3.49, which is approximately half of the one of the
longitudinal straight fiber composite. At the same time, the average stiffness K¯ for the
curvilinear fiber ply is 86.7 GN/mm, a value very close to the 88.2 GN/mm calculated
for the longitudinal straight fiber case. This means that, although the stiffness is almost
the same in both materials, the stress σyy is significantly less concentrated around the
semi-circular notch in the curvilinear fiber case than in the longitudinal straight fiber
case.
The maximum Tsai-Wu failure index for the curvilinear holomorphic fibers is 0.026,
which is much smaller than the ones from other fiber paths shown in Figs. 4b, 4c. How-
ever, the maximum Tsai-Wu index for the longitudinal straight fibers is way smaller,
approximately six times smaller, but the stress concentration is significantly high. As
can be seen in the Fig. 8 and 10, the maximum Tsai-Wu indexes are located in the
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neighbourhood of the maximum stress of the x- and shear components for both cases.
This indicates that the failures of the system could be experienced due to the resin and
shear damage.
5. Optimization study
After demonstrating the performance of the IGA formulation in simulating a set of
different curvilinear fiber configurations and having investigated some of the effects of
curvilinear anisotropy on the stress distributions, it is interesting to use our optimization
framework to explore fiber configurations minimizing stress concentration and Tsai-Wu
failure index.
5.1. Problem statement
The optimization study defined in Eq. (26) and (27) is conducted in order to find
optimal fiber paths which minimize the stress concentration factor and the Tsai-Wu
failure index via SQP method on the elastic plate defined in Fig. 2 and Table 1. As
initial condition, the parameters Cij of the level-set function describing the family of
fiber paths, Eq. (13), are chosen to take unit values.
5.2. Optimal fiber path for the minimum stress concentration factor
The optimal fiber paths identified via SQP are shown in Fig. 11a, and the results
in terms of stress concentration, failure index, and overall stiffness are summarized in
Table 3. The contours of the stresses are shown in Fig. 11b-d. The stress concentration
for the optimized case 1.28 (Table 2a) which is remarkably 82 % lower than the longi-
tudinal fiber case and even lower than the isotropic case. This result implies that, by
harnessing curvilinear anisotropy, it is possible to significantly reduce the severity of the
semi-circular notch. This cannot be achieved in isotropic materials unless the elastic
properties are properly functionally-graded. It is interesting to note that the obtained
stress concentration is even lower than in the transverse straight fiber case, which fea-
tures the lowest stress concentration among the configurations previously investigated.
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In fact, the stress concentration for the optimal fiber path case (Table 2a) is lower
by 46 %. In conclusion, harnessing curvilinear anisotropy can significantly reduce the
stress concentration even compared to isotropic case. Factoring the increase in strength
and stiffness provided by the embedded fibers, it is clear that media featuring CTI can
surpass the structural performance of traditional composites. Future work will focus on
translating these results to other notch configurations including e.g. sharp V-notches
or U-notches.
5.3. Optimal fiber path for the minimum Tsai-Wu failure index
The optimization study for the minimum Tsai-Wu index is also implemented under
the same condition for the minimum stress concentration. The initial design variables
Cij are decided as the longitudinal straight fiber path shown in Fig. 4a such that:
Cij =
 1 if (i, j) = (1, 0),0 otherwise (36)
because this fiber path provides the minimum Tsai-Wu failure index based on the four
different fiber configurations (Fig. 4a and Table 2).
As a result of the optimization, the design variables remained as same as the initial
conditions indicating that the longitudinal straight fiber case is the one minimizing the
failure index (Table 2). In terms of Tsai-Wu index, conventional longitudinal straight
fiber path is the best option, however, the stress concentration is very significant com-
pared to the optimal fiber case of the minimum stress concentration. Thus, it is inter-
esting to make a comparison between the two focusing on Tsai-Wu index as discussed
next.
5.4. Damage initiation analysis
Based on Table 3, the maximum Tsai-Wu failure index for the fiber path that
provides the minimum stress concentration is found as 0.020 and it is located at the very
top-left node. This value is about five times higher than the one from the longitudinal
straight fiber path, which is the optimal fiber path for minimum Tsai-Wu index. Table
18
4 includes the local stresses of the each component, and the local dominance of the ply
strength at the points of the maximum Tsai-Wu failure index. The local ratios between
stresses to the lamina strength such that:
For the longitudinal fiber direction:
σ1/σ
f
1 =
 σ1/σ
f
1t if σ1 ≥ 0
σ1/σ
f
1c if σ1 < 0
(37)
For the transverse fiber direction:
σ2/σ
f
2 =
 σ2/σ
f
2t if σ2 ≥ 0
σ2/σ
f
2c if σ2 < 0
(38)
while for the shear component the ratio, τ12/τ
f
12 is independent of the sign of the lo-
cal shear stress. Considering the case of the optimal fibers for the minimum stress
concentration (Fig. 11a), the transverse stress component is the closest to the related
strength value, showing that matrix failure by e.g. splitting at the very top-left of the
plate (Fig. 12a) is the most likely damage mechanism. However, the resulting crack
would probably grow along the curvilinear fiber path and eventually be arrested. Thus,
even though the plate begins to experience the failure, it might not immediately be
exposed to be an ultimate failure. In the medium optimized for minimum Tsai-Wu
index, the transverse and the shear components of the strengths take the highest values
compared to the respective strengths, which implies that splitting crack is again the
dominant failure mode. However, as can be seen in Fig. 12b, the splitting crack will
initiate close to the notch tip and propagate undisturbed following the longitudinal
fiber path until reaching the end of the plate.
Thus, it is very difficult to predict which fiber configuration will attain the highest
load capacity. Of course, the Tsai-Wu failure criterion is not equipped to predict stable
crack growth and quasibrittle fracture mechanics models will be used in future works
to investigate the highly nonlinear progressive damage following initiation [54, 57–60].
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6. Conclusion
In this work we explored an Iso-Geometric Analysis (IGA) computational framework
for the simulation of media featuring curvilinear anisotropy. Based on our results we
can formulate the following conclusions on its numerical performance:
1. thanks to the exact geometric representation and the enriched continuity between
elements, NURBS-based IGA outperforms classical FEA in terms of computa-
tional efficiency, run time, and accuracy in the description of field variables for
the same number of degrees-of-freedom;
2. For the configurations investigated in this work, the use of IGA resulted in an
average reduction of the total simulation time of about 40% compared to FEM
given the same error in the estimate of the maximum stress and solution scheme
of the reduced system of equations;
3. the higher efficiency of IGA makes it an interesting alternative to FEM for the
simulation of large and complex structures made of materials featuring curvi-
linear anisotropy. Further, this characteristic makes it particularly suitable for
optimization studies which generally require several simulations before reaching
the optimal solution;
We demonstrated the use of the IGA framework using a plate weakened by a semi-
circular notch with the four fiber configurations shown in Fig. 4 as a case study. Then,
we also performed an optimization study aimed at identifying the paths leading to the
lowest stress concentrations or values of the Tsai-Wu failure index. Thanks to these
studies, we can draw the following conclusions on the mechanical performance of plates
featuring curvilinear anisotropy:
4. as expected, curvilinear anisotropy has a significant effect on the elastic stress
and strain fields as well as the overall stiffness of the plate;
5. in curvilinear anisotropic media, the regions of high stress concentration can be
widely distributed over the domain. Hence, when performing optimization studies,
it is important to utilize a uniform refinement instead of a local refinement around
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the notch. Guaranteeing a uniform accuracy throughout the domain may become
very computational expensive with FEM. In contrast, IGA significantly mitigates
this problem thanks to the higher accuracy and efficiency;
6. by optimizing the fiber paths in the plate, we were able to reduce the stress
concentration factor, Kt, to 1.28 with the maximum stress located at the notch tip.
This represents a reduction of about 82% compared to the classical longitudinal
linear fiber case and a reduction of 58% compared to the isotropic case;
7. on the other hand, we showed that the longitudinal linear fiber path provides the
minimum Tsai-Wu failure index, with damage initiation in the form of a mode
II splitting crack close to the tip of the notch. In contrast, the path minimizing
the stress concentration gives a failure index about five times larger, with damage
initiation as mode I splitting crack. However, this result does not allow signifi-
cant conclusions on the ultimate capacity of the plates since this depends on the
progressive damage evolution up to failure. It is likely that, after initiation, the
splitting crack in the curvilinear anisotropic case will be significantly slowed down
and arrested by the fibers before final failure. On the other hand, the splitting
crack in the longitudinal fiber case will propagate unstably until reaching the top
and bottom boundaries of the plate. To investigate damage progression in curvi-
linear anisotropic media, future works will focus on the use of quasibrittle fracture
mechanics computational models [54, 57–60]. These are quintessential to capture
the formation of large Fracture Process Zones (FPZs) and distributed damage in
composites which are a significant source of size effects [55, 56, 60];
8. another interesting result is that the curvilinear fiber paths designed to optimize
the electric conductivity of the plate [19] showed also an outstanding mechanical
performance. In fact, the stress concentration factor was found to be 3.49, about
51% lower than the longitudinal linear fiber case with similar levels of plate stiff-
ness. This result is particularly promising because it shows that it is possible to
harness curvilinear anisotropy not only to obtain superior mechanical performance
compared to traditional composites, but also to introduce novel multi-functional
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properties. Future works will focus on the formulation of novel multi-objective
optimization schemes within the IGA framework to take advantage of this new
design space.
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Table 1: Elastic material properties
Symbol Unit Property
E1 181 GPa Longitudinal modulus
E2 10.3 GPa Transverse modulus
G12 7.17 GPa Shear modulus
ν12 0.28 - Poisson’s ratio
σf1t 1500 MPa Longitudinal strength in tension
σf1c 1500 MPa Longitudinal strength in compression
σf2t 40 MPa Transverse strength in tension
σf2c 246 MPa Transverse strength in compression
σf12 68 MPa Shear strength
Table 2: Table of the stress concentration factor Kt, the average stiffness on the top edge K¯, and the
maximum Tsai-Wu failure index Φ of: (a) Longitudinal straight fiber path (Fig. 2a), (b) Transverse
straight fiber path (Fig. 2b), (c) Concentric fiber path (Fig. 2c), (d) Curvilinear fiber path following
the semi-circular notch (Fig. 2d).
(a) (b) (c) (d)
Kt 7.18 2.38 5.02 3.49
K¯ [GN/mm] 88.20 5.11 10.78 86.72
Φ 0.004 0.050 0.051 0.026
Table 3: Table of the stress concentration factor Kt, the average stiffness on the top edge K¯, and the
Maximum Tsai-Wu failure index Φ of: (1) optimal fiber path for the minimum Kt, (2) the optimal
fiber path for the minimum Φ.
(1) (2)
Kt 1.28 7.18
K¯ [GN/mm] 33.38 88.20
Φ 0.020 0.004
Table 4: Table of the local stresses and the local stress dominance of ply strengths at the points of the
maximum Tsai-Wu failure index for: (1) optimal fiber path for the minimum Kt, (2) the optimal fiber
path for the minimum Tsai-Wu failure index Φ.
σ1 [MPa] σ2 [MPa] τ12 [MPa] σ1/σ
f
1 σ2/σ
f
2 τ12/τ
f
12
(1) 0.061 0.941 0.238 4.0E − 5 2.4E − 2 3.5E − 3
(2) 1.112 0.205 0.480 7.4E − 4 5.1E − 3 7.1E − 3
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𝜃(𝑛𝑒) 𝜃(𝑥4, 𝑦4) 𝜃(𝑥3, 𝑦3)
𝜃(𝑥2, 𝑦2)
𝜃(𝑥1, 𝑦1)𝜃(𝑛𝑒)
𝜃(𝑛𝑒)
𝜃(𝑛𝑒)
(a) (b)
Figure 1: Schematic representation of 4-node, isoparametric, quadrilateral element with material orien-
tations assigned to each integration point. As can be noted, fiber orientations are assigned as constant
in previous works: (a). In this present work, we let the fiber orientation depend on the location of
integration points during the computation of element stiffness matrix: (b).
𝑇𝑦 = 1MPa
𝑊 = 150mm
𝐻
=
3
0
0
m
m
𝑥
𝑦
𝑅 = 10mm
Figure 2: Elastic plate featuring curvilinear transverse isotropy weakened by a 10-mm semi-circular
hole notch.
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Figure 3: Error measured in L2-norm of the stress against the maximum diagonal length found in the
mesh hmax.
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Figure 4: Composites reinforced by different fiber configurations: (a) Longitudinal straight fiber paths,
(b) Transverse straight fiber paths, (c) Concentric fiber paths following the semi-circular notch, (d)
Curvilinear fiber paths following the semi-circular notch.
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Figure 5: Error measured in L2-norm of the stress against the number of degrees-of-freedom (# DOF):
(a) Longitudinal straight fiber paths, (b) Transverse straight fiber paths, (c) Concentric fiber paths
following the semi-circular notch, (d) Curvilinear fiber paths following the semi-circular notch.
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Figure 6: Running time in seconds elapsed to obtain convergence for each fiber configuration: (a) Lon-
gitudinal straight fiber paths, (b) Transverse straight fiber paths, (c) Concentric fiber paths following
the semi-circular notch, (d) Curvilinear fiber paths following the semi-circular notch.
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Figure 7: Stress fields of composites reinforced by concentric fibers following the semi-circular notch:
(a) stress in the x-direction σxx, (b) stress in the y-direction σyy and the magnification around the
semi-circular notch with the location of the stress concentration factor Kt marked by the magenta
square, (c) shear stress in the x-y plane τxy.
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Figure 8: Stress fields of composites reinforced by longitudinal straight fibers with the maximum Tsai-
Wu index Φ marked by the black square: (a) stress in the x-direction σxx, (b) stress in the y-direction
σyy, (c) shear stress in the x-y plane τxy.
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(a) (b) (c)
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Figure 9: Stress fields of composites reinforced by transverse straight fibers: (a) stress in the x-direction
σxx, (b) stress in the y-direction σyy, (c) shear stress in the x-y plane τxy.
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Figure 10: Stress fields of composites reinforced by curvilinear fibers following the holomorphic path
with the maximum Tsai-Wu index Φ pointed marked by the black square: (a) stress in the x-direction
σxx, (b) stress in the y-direction σyy, and (c) shear stress in the x-y plane τxy.
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Figure 11: Optimal fiber path for the minimum stress concentration factor: (a), and the contour plots
of: (b) the stress in the x-direction σxx, (c) the stress in the y-direction σyy and the magnification
around the semi-circular notch with the location of the stress concentration factor Kt marked by the
magenta square, (d) the shear stress in the x− y plane τxy.
(a) (b)
Figure 12: Contour plots of the Tsai-Wu failure index of the optimal fiber paths: (a) for the minimum
stress concentration factor, and (b) for the minimum Tsai-Wu failure index and the magnification
around the semi-circular notch.
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